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THE WORKS OF HENRY J. S. SMITH. 

The Collected Mathematical Papers of Henry John 

Stephen Smith. 2 vols. Edited by Dr. J. W. L. 

Glaisher. (Oxford: Clarendon Press, 1S94.) 

HE long looked for collected papers of Prof. H. J. S. 
Smith, late Savilian Professor of Geometry in the 
University of Oxford, have now appeared in two hand¬ 
some quarto volumes issued by the Clarendon Press at 
Oxford. This fact is, as far as England is concerned, 
the mathematical event of the year, and is of the utmost 
importance to mathematicians in general, and to the 
rising race of investigators in pure mathematics in par¬ 
ticular. The work has a portrait on the frontispiece, 
and is introduced by a biographical sketch by Dr. Charles 
H. Pearson, and recollections by Prof. Jowett, Lord 
Bowen, Mr. J. L. Strachan-Davidson, and Mr. Alfred 
Robinson, also by an introduction by Dr. J. W. L. 
Glaisher. A perusal of the sketch is calculated to greatly 
impress the reader with the all-round scholarship and 
intellectual eminence of its subject. To have gained, 
amongst other honours, the Ireland University Scholar¬ 
ship, and subsequently to have become one of the most 
profound and rigorously exact mathematicians the world 
has ever known, implies the possession of powers of mind 
that must fill any chronicler or student of past events 
with amazement. There are men who will succeed in 
any line of life or branch of study by sheer mental 
strength ; they have the faculty of becoming fascinated 
by any pursuit in which inclination, force of circum¬ 
stances, or accident leads them to engage ; with them 
study is intense concentration leading, through a flood of 
new ideas, to such an admiration for and interest in the 
subject, of whatever kind, as can only be experienced by 
another in some special branch for which his mind is 
particularly and peculiarly adapted. 

That Prof. Smith was such a man, was the general 
belief of his contemporaries. Prof. Conington said to 
the biographer, “ I do not know what Henry Smith may be 
at the subjects of which he professes to know something; 
but I never go to him about a matter of scholarship, in a 
line where he professes to know nothing, without learning 
more from him than I can get from anyone else.” 

At one time it appeared to be probable that he would 
devote himself to chemical science, but, looking back, 
there seems to be little doubt that pure mathematics was 
the branch of knowledge towards which he felt himself 
most attracted, and which was in reality best adapted 
to call forth his grand powers for close and accurate 
thinking, and to give scope to his brilliant imagination. 

The recollections are of great interest. They show 
clearly the extent to which he was admired and loved by 
those who were privileged to know him best. Dr. 
Glaisher’s introduction is chiefly, though not wholly, of 
mathematical interest, and will be further alluded to. 
The works set forth were published between the years 
1S51 and 1S83. They may be considered as arranging 
themselves under four heads: (1) Theory of numbers; 
(2) elliptic functions ; (3) geometry ; and (4) addresses. 
Space merely permits me to note some of the original 
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contributions to science which stand forth pre-eminently, 
and helped to build up a great reputation. 

During the years 1859-1865 was produced the “Report 
on the Theory of Numbers,” compiled for the British 
Association for the Advancement of Science. Prof. 
Smith said of Clifford that he was “ above all and before 
all a geometer” ; so of him it may be said that he was 
above all and before all an arithmetician, and that the 
Report could not have come under a stronger hand. It 
contains an account, confessedly not exhaustive, of the 
state of knowledge at the date of writing. There is inter¬ 
polated in the history of the science, as it was originated 
by Gauss and Legendre, and developed by Cauchy, Jacobi, 
Lejeune-Dirichlet, Eisenstein, Poinsot, Rummer, Kron- 
ecker, and Hermite, a considerable amount of masterly 
criticism as well as original work. He considers the higher 
arithmetic to be comprised of two principal branches, 
the theory of congruencies and the theory of homogeneous 
forms. It will be observed that he does not include the 
combinational or partitional analysis. He doubtless did 
not regard this important subject as a branch of 
arithmetic proper, but rather as occupying the ground 
intermediate to arithmetic and algebra. It is, in point of 
fact, far less abstruse and less dependent upon methods 
which are regarded as purely arithmetical. In the future, 
however, it is probable that it will be recognised that the 
combinational analysis is able to throw quite unexpected 
light on the theory of congruencies, and is worthy of 
being considered as an important instrument of research 
in arithmetic proper. As an example it may be stated 
that the enumeration of certain permutations on a circle 
yields the number 

n 

Is 4, {d) x d , 

where x and it are any positive integers, d a division of it, 
and <fi (d) the totient of d ; and hence 

n 

2 {d) x d = 0 mod 11 

a congruence which includes several of the elementary 
results of the theory of numbers. The author’s inten¬ 
tion was to present the theory of homogeneous forms in 
the following order:—(1) Binary quadratic forms ; (2) 
binary cubic forms ; (3) other binary forms ; (4) ternary 
forms ; (5) other quadratic forms; (6) forms of order n 
decomposable into n linear factors. It is much to be 
regretted that only the first of these was given in the 
report. A consideration of the remaining divisions 
seems to have convinced him that much remained to be 
done, and he appears to have deferred these matters for 
future investigation by himself. The solution of the so- 
called “Pellian Equation” is of primary importance in 
the theory of quadratic forms of positive and not square 
determinant, and we find in the foot-note of p. 193, vol. i. 
“ There does not seem to be any ground for attributing 
either the problem or its solution to Pell.” This is par¬ 
ticularly interesting to those who were privileged to listen 
to Prof. Mittag Leffler’s paper on automorphic functions, 
which was read before Section A of the British Asso¬ 
ciation at Oxford. The Professor inveighed against the 
too common practice of associating mathematicians’ 
names with theories and theorems on the ground that 
mistakes are of frequent occurrence and necessarily so ; 
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he instanced the use made by Poincard of the names 
of Fuchs and Klein in regard to theories, priority 
in respect of which those eminent men would be the 
first to repudiate. In the present instance we find that 
the problem of the “ Pellian Equation ” was proposed by 
Fermat and solved by Lord Brouncker, and these facts 
need not detract in the least from the reputation earned 
by Pell by his skill in the Diophantine analysis. 

In the solution of the problem of the “Composition 
of Quadratic Forms,” Prof. Smith introduces the im¬ 
portant notion of fundamental sets of solutions of in¬ 
determinate systems of equations, and thus replaces 
Gauss’ purely synthetical solution by analysis. In the 
arrangement of the genera of quadratic forms into 
classes he extends to irregular determinants the prin¬ 
ciples employed by Gauss for the case of regular 
determinants. 

Gauss’ geometrical representation of forms of a negative 
determinant is given at length. Klein has recently, in 
the lectures on mathematics delivered before the 
Evanston Colloquium in the autumn of 1S93, given a 
remarkably simple statement of the method, and has 
introduced the expressions “line lattice” and “ point 
lattice ” to describe the diagrams. He also has extended 
the method to forms of positive determinant in the 
Gottingen Nachrichten for January 1893. To this the 
reader’s attention may be directed as elucidating and 
amplifying Prof. Smith’s statement of the work of Gauss. 
Klein’s lecture VIII. (Evanston) should also be referred 
to in connection with the theory of complex primes and 
the ideal numbers of Kummer. 

On the completion of the report, his attention was 
directed to the subject of ternary quadratic forms. At 
the time an important memoir by Eisenstein had ap¬ 
peared, in which were defined the ordinal and generic 
characters of ternary quadratic forms of uneven deter¬ 
minant ; but several of the results were left undemon¬ 
strated. Prof. Smith supplied the omissions, and ex¬ 
tended the results to the more difficult and complicated 
case of the even determinant. By giving a table for 
forming the complete generic character of any form, he 
accomplished for the ternary theory that which had been 
already carried out by Lejeune-Dirichlet for the binary 
theory. He gave, moreover, a demonstration of the 
criterion for distinguishing between possible and im¬ 
possible generic characters. This he was enabled to do 
by the important new notion of a certain particular 
generic character, termed by him “the simultaneous 
character of a form and its contravariant," which had 
not been regarded by Eisenstein. He gave a more 
complete definition of a “genus” of forms as dependent 
upon transformation by substitutions, and showed that 
two forms are or are not transformable into one another 
according as their complete generic characters do or do 
not coincide. He proved the formulae which assign the 
weight of a given genus or order both for even and un¬ 
even discriminants. This he accomplished by a com¬ 
parison of two expressions, obtained by different methods, 
for the limiting ratio of the sum of the weights of the 
representations, by a system of forms representing the 
classes of any proposed genus, of all the numbers con¬ 
tained in certain arithmetical progressions and not sur¬ 
passing a given number, to the sesquiplicate power of 
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the given number when that number is indefinitely large. 
This paper is one of great power, constituting one of his 
most important contributions to science. 

The above was followed by another great work “ On 
the Orders and Genera of Quadratic Forms’’containing 
more than three indeterminates. This paper will always 
be a celebrated one in the history of mathematics. It 
contains under date 1867, implicitly, the solution of the 
problem proposed fifteen years later for the Grand Prix 
des Sciences Mathdmatiques by the French Academy. 
The problem referred to was given as “ Thdorie de la 
decomposition des nombres entiers en une sorame dc 
cinq carrds." In the paper of 1S67 it was indicated that 
the four, six, and eight-square theorems of Jacobi, 
Eisenstein and Liouville were deducible from the 
principles set forth. He then completed Eisenstein’s 
“enunciation” of the five-square theorem by bringing 
under view the numbers which contain a square divisor, 
and added the corresponding seven-square theorem. Th e 
demonstrations were not given, but a general theory, 
which includes these theorems as corollaries, was given 
in detail. On these facts being pointed out to Hermite, a 
correspondence ensued, which the reader will find given, 
with comments, in the introduction by Dr. Giaistier. 
The result was that Prof. Smith sent in his demonstra¬ 
tions, and that ultimately the prize was divided between 
him and M. Hermann Minkowski, of Kdnigsberg. The 
latter memoir followed closely the lines of the paper of 
1S67, a fact which gave rise at the time to much dis¬ 
cussion concerning the action that was taken by the 
French Academy. The prize memoir is the concluding 
paper of vol. ii. 

Passing over, for want of space, other arithmetical 
work of much value, a few words may be said concerning 
the papers on elliptic functions, which constitute the bulk 
of the second volume. 

The paper, “ Mdmoire sur les Equations modulaires,” 
contains a theory of singular beauty. Mathematicians 
were aware, thanks to profound researches of Kronecker 
and Hermite, of the intimate relations that exist between 
the theory of binary quadratic forms of negative deter¬ 
minant and the transformation of elliptic functions, but 
beyond Kronecker’s elliptic function solution of the 
“ Pellian Equation,” no association had been discovered 
between the binary quadratic forms of positive deter¬ 
minant and the elliptic functions. 

In this paper it is shown that if 

F (£-, n = o 

be the modular equation for the transformation of order 
N, the Cartesian equation 

F(t + X + /Y, i + X- z'Y) = o 

is a curve which gives an exact image of the complete 
system of forms of positive determinant N. By the 
simple process of enumerating the spirals and the con¬ 
volutions of each spiral, he determines the number of 
non-equivalent classes and the complete system of 
“reduced” forms in each class. 

In “ Notes on the Theory of Elliptic Transformation ” 
will be found a complete discussion of the case in which 
the modular equation has equal roots ; it is shown that 
the squares of the corresponding multipliers are always 
different, and that this is consistent with Kcenigsberger's 
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theorem, which states that the multiplier is a rational 
function of the squares of the moduli. The latter is 
shown, in fact, to break down when the modular equation 
has equal roots. 

The long memoir on the Theta and Omega Functions 
was originally written as an introduction to the long- 
expected “Tables of the 0 Functions.” It may be 
regarded as an advanced work on elliptic functions, in 
which the arithmetical treatment is given the prominent 
place. The theory of the transformation, and in parti¬ 
cular of the modular equations and the associated curves, 
is exhibited with remarkable elegance. 

Everywhere the treatment is characterised by extreme 
rigour. In fact, the subject matter, dealt with in these 
volumes, leads to .work of so recondite a nature that only 
an investigator to whom any slurring over of difficulty 
or exceptional case is absolutely repulsive, can expect 
to make a real advance. Those who look chiefly to 
results, and do not care to know the precise circum¬ 
stances under which they exist, may be warned off the 
monument to Prof. Smith’s genius which is given to the 
world in these pages. 

On two principal occasions Prof. Smith found oppor¬ 
tunity to place his views on mathematics in general before 
the scientific world. We have the valedictory address to 
the London Mathematical Society, delivered in the year 
1876, on his retiring from the office of president. He 
took as his text some “comparatively neglected regions 
of pure mathematics”; and now, after an interval of 
eighteen years, it is a matter of great interest to re-survey 
the ground and estimate the advances that have been 
made. In the theory of numbers, then as always the 
subject of his predilection, he called attention to the 
state of knowledge with respect to (l) the theory of 
homogeneous forms ; (2) the theory of congruences; 
(3) the determination of the mean or asymptotic values 
of arithmetical functions. With respect to quadratic 
forms of four or more indeterminates, he referred to the 
fundamental theorem of M. Hermite concerning the 
finiteness of the number of non-equivalent classes of 
forms having integral coefficients and a given dis¬ 
criminant ; and to the researches of Zolokoreff and 
Korkine on the minima of positive quadratic forms. 
In a foot-note also he referred to his own great work 
“On the Orders and Genera of Quadratic Forms con¬ 
taining more than Three Indeterminates.” These 
three papers mark the extent to which the inquiry 
had been pushed at that time. The latter is much 
the most important, and, so far as I know, but 
little further progress in the same direction has 
since been made. In the theory of congruences an 
important advance has been made by G. T. Bennett, in a 
paper published in the Phil. Trans. R.S. vol. 184.4. The 
investigation is “ On the Residues of Powers of Numbers 
for any Composite Modulus, Real or Complex.” Re¬ 
marking that primitive roots exist only when the modulus 
is a power of an uneven prime or the double of a power 
of an uneven prime, and that a primitive root may be 
said to “generate” by its powers the complete set of 
residues, Bennett exhibits the mode of formation, and the 
relations connecting, the most general set of numbers 
capable of generating the </>(«) numbers which are prime 
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to any composite modulus m, and extends his results, to 
complex numbers. 

Prof. Smith gave an historical account of our know¬ 
ledge of the series of prime numbers. Prof. Sylvester 
has made a considerable contraction of Tchebychefs 
limits, and has established important general principles 
in connection therewith. 

Passing on to the discussion of the transcendency of c 
and 57, it may be noted that since the address was de¬ 
livered (in fact, six years subsequently) the question has 
been triumphantly set at rest for ever by the labours of 
Hermite and Lindemann. The former established the 
transcendency of e, and the latter, standing on the 
shoulders of the former, demonstrated the transcendency 
of 77. Lindemann’s proof shows that - cannot be the 
root of any algebraic equation, and marks a distinct 
epoch in the history of mathematical science. The 
death-blow was thus given to the circle squarers in 1SS2 
{Math. Ann. vol. xx.). Quite recently extraordinarily 
sirnple proofs of the transcendency of both numbers have 
been given by Hilbert. Prof. Smith noted and lamented 
the want of advanced treatises in English on various 
branches of pure mathematics. Our position to-day in 
this respect exhibits a marked improvement. On 
differential equations, theory of functions, integral cal¬ 
culus, theory of numbers, important works by English 
and American authors have been published, and certain 
eminent mathematicians are known to be engaged in 
the preparation of advanced works, which will shortly 
appear and further fill in the gaps. 

Prior to the above, in 1873, was delivered the address 
to the Mathematical and Physical Section of the British 
Association. Remarking on the recent appearance of 
Maxwell’s “ Electricity,” he observes: “ It must be con¬ 
sidered fortunate for the mathematicians that such a vast 
field of research in the application of mathematics to 
physical inquiries should be thrown open to them at the 
very time when the scientific interest in the old 
mathematical astronomy has for the moment flagged, 
and when the very name of physical astronomy, so long 
appropriated to the mathematical development of 
the theory of gravitation, appears likely to be 
handed over to that wonderful series of discoveries 
which have already taught us so much concern¬ 
ing the physical constitution of the heavenly bodies 
themselves.” Mathematical astronomy to-day, it may be 
said, no longer flags. Thanks to the work of Hill, 
Poincar^, and Gylden, the subject has received a new 
impulse, and the world of science watches with intense 
interest the process of its evolution under the powerful 
hands of these mathematicians. 

Prof. Smith had much at heart the organisation of 
scientific education as influencing the supply of scientific 
men. He asserts the importance of assigning to physics 
a very prominent place in education. He gives as his 
opinion that from the sciences of observation the student 
“ gets that education of the senses which is after all so 
important, and which a purely grammatical and literary 
education so wholly fails to give.” These are weighty 
words when we consider the all-round attainments of 
their author, and that he was, in particular, a classical 
scholar of the first rank. The effect of these volumes on 
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the progress of research is sure to be considerable. A 
student will have before him work whose style has never 
been surpassed, and demonstrations which are absolutely 
rigorous. In the latter respect Gauss’ work seems to 
have left a lasting impression upon his mind. 

I conclude by quoting the noble words from the 
British Association address :— 

“ But in science sophistry is impossible; science 
knows no love of paradox ; science has no skill to make 
the worse appear the better reason ; science visits with a 
not long-deferred exposure all our fondness for pre¬ 
conceived opinions, all our partiality for views that we 
have ourselves maintained, and thus teaches the two 
best lessons that can well be taught—on the one hand 
the love of truth, and on the other sobriety and watchful¬ 
ness in the use of the understanding.” 

P. A. MacMahox. 


ABSTRACT GEOMETRY. 

Grundsiige der Geometric von mehreren Dimensional und 
mehreren Arien grad!i?iiger Einheiten in elemenlarer 
Form entzvickelt, Von Guiseppe Veronese. (Leipzig: 
Teubner, i S94.) 

A/[ ODERN speculations on the Foundations of Geo- 
metry have raised the question of the character 
of Geometry as a science, and the question has been 
answered in different ways. Some writers have held 
that our space-intuition is an absolute guarantee of the 
truth of geometrical axioms; others have treated 
Geometry as a science of observation and experience 
whose results accordingly are liable to the same kind and 
degree of inexactness as any other Physical Science. 
If either of these answers were correct, the method of 
Geometry would seem to require revision. The method 
is to deduce the properties of figures by logical processes 
from definitions and a few propositions (Axioms) assumed 
in advance. But if space-intuition were a sufficient 
guarantee for the truth of the Axioms, it would seem to 
serve equally well for a guarantee of the truth of many 
of the Propositions, and there would appear to be no 
good reason for assuming as few as possible and deduc¬ 
ing the rest. If, again, Geometry is to be purely a 
Natural Science, there would be simplicity in proving 
its propositions by the help of well-made constructions 
and good instruments of measurement. There seems to 
be room for a third view of Geometry as an abstract 
formal science to which the method always known as 
geometrical would be proper and natural. In such a 
view abstraction might be made of all space-intuition, 
and there would remain a body of logical truths in which 
the Axioms would occupy the place of Definitions or 
well-defined Hypotheses.. The science would be at the 
same time founded upon intuition and independent of 
intuition. If its Definitions and Hypotheses are never 
in contradiction with themselves, or with each other, or 
with our space-intuition, then will its conclusions always 
be verified within the limits of exactness that belong to 
observation. It will be a formal science ready for prac¬ 
tical applications. 

The theory of Abstract Geometry in the sense just 
described is the subject-matter of Prof. Veronese’s 
treatise He lays down in his Preface the nature of 
Geometrical Axioms as the simplest truths of space- 
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intuition ; he describes the character of a system of 
Axioms in that they must be independent, as few as 
possible, and yet sufficient for the establishment of the 
properties of figures without tacit assumption of other 
axioms. No definition or axiom is satisfactory which 
contains any notion not previously cleared up, or any¬ 
thing to be afterwards deduced. Any geometrical figure 
regarded as existing in the space of intuition may be re¬ 
placed by a well-defined mental object or “Form,” in 
the sense of the word fully described in the Introduction. 
The geometrical axioms are replaced by hypotheses 
serving to discriminate among possible forms or possible 
formal relations. Intuition is taken as a guide to the 
choice of hypotheses. The distinction is drawn between 
Abstract Geometry and its practical applications, and 
it is pointed out that there may be axioms of great im¬ 
portance for the latter which are useless restrictions in 
the former: such axioms are that the space of intuition 
is the Euclidean space form, and that the space of 
intuition has three dimensions. For our author all con¬ 
ceivable space forms are in theory equally admissible, 
and the number of dimensions of space is unlimited. 
The straight line, the plane, space of three or n dimen¬ 
sions, are all regarded as existing in the General Space. 
His method is the method of Pure Geometry, and his 
work is free from any trace of axes, coordinates, and 
Algebraic processes. Apparently this method has not 
previously been applied to the discussion of space of 
more than three dimensions. 

A reader who approached Prof. Veronese’s book in the 
hope of finding a logical development in purely Geo¬ 
metrical form of the theories of the non-Euclidean Geo¬ 
metry would be disappointed, for the work is throughout 
subordinated to the Euclidean system; nor would the 
reader be better satisfied if he sought merely for the 
logical establishment of the Euclidean system, for it is 
throughout treated as a limit included in a more general 
possible system. It is well known that the Euclidean 
Geometry is the limiting form between the Hyperbolic 
and Elliptic Geometries, and this is the case whatever 
more particular character we attribute to either of these 
Geometries. Hyperbolic Geometries differ with the form 
chosen for the “ Absolute,” there are two Elliptic Geo¬ 
metries according as two straight lines have one or two 
common points. All these systems have Euclid’s system 
as a limit. In the elements of an Abstract Geometry 
developed in an orderly way we shall be presented time 
after time with a choice of hypotheses. Our choice at 
any time will determine to some extent the space form of 
which we treat. Our series of hypotheses will limit us 
to a particular space form. If one of our hypotheses is 
the existence of straight lines, we shall come upon the 
Euclidean system or a non-Euclidean system having the 
Euclidean as its limit. We may state at once that Prof. 
Veronese’s hypotheses lead him to a system which, in an 
absolute sense, is the so-called Spherical Geometry, as 
distinguished from the Elliptic Geometry proper. Ac¬ 
cording to this system two straight lines cut in two 
*' opposite ” points, and the length between opposite points 
is constant. This, however, is only true in an “ absolute 
sense,” the length in question being actually infinite in 
comparison with any perceivable length treated as a 
unit. The doctrine of the “actually infinite” is that 
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